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ABSTRACT 



Using mirror symmetry in Calabi-Yau manifolds M, three point functions of 
A(M)-model operators on the genus Riemann surface in cases of one-parameter 
families of <i-folds realized as Fermat type hypersurfaces embedded in weighted 
projective spaces and a two-parameter family of ci-fold embedded in a weighted 
projective space Prf + i[2, 2, 2, • • ■ , 2, 2, 1, l](2(d + 1)) are studied. These three 
point functions ( O^ 1 ^ \ are expanded by indeterminates qi=e 2mtl 



associated with a set of Kahler coordinates {t{\ and their expansion coefficients 
count the number of maps with a definite degree which map each of three points 
0,1, andoo on the world sheet on some homology cycle of M associated with 
a cohomology element. From these analyses, we can read fusion structure of 
Calabi-Yau A(M)-model operators. In our cases they constitute a subring of a 
total quantum cohomology ring of the A(M)-model operators. In fact we switch 
off all perturbation operators on the topological theories except for marginal ones 
associated with Kahler forms of M. For that reason, the charge conservation of 
operators turns out to be a classical one. Furthermore because their first Chern 
classes c\ vanish, their topological selection rules do not depend on the degree 
of maps, (especially a nilpotent property of operators O^'O^' = is satisfied). 
Then these fusion couplings {K>i} are represented as some series adding up all 
degrees of maps. 
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1 Introduction 



When one considers correlation functions of an N=2 non-linear sigma model with a 
Calabi-Yau target space, they depend not only on the moduli space of the Riemann surface, 
but also on the properties of the target Calabi-Yau manifold (especially on the Calabi-Yau 
moduli spaces). There are two quasi-topological field theories (the A- model and the B-model) 
ij obtained by twisting the N=2 non-linear sigma model 0, [| , which describe two distinct 
Calabi-Yau moduli spaces (a Kahler structure moduli space and a complex structure moduli 
space, respectively). As is well-known, the correlators of the B-model receive no quantum 
corrections ]IL 0L EL pfl, but the correlation functions of the A- model have non-perturbative 
corrections which originate in holomorphic maps from the Riemann surface to the Calabi-Yau 
target space. 

Recently by the discovery of the mirror symmetry JF], || between the A(M)-model and the 
B(W)-model for the mirror pairs (M, W), it is becoming possible to obtain the A(M)-model 
correlators from the B(W)-model ones indirectly but in a form involving all the quantum 
corrections [Q, |9|. Now it may fairly be said that the analyses of the Calabi-Yau 3-folds 
under the mirror symmetries have been established |10|, [11], [12], [13], [14], IB , [17], [H| . In this 
article, we study the A(M)-model correlators of some d-dimensional Calabi-Yau manifolds 
as mathematical physics applications under the mirror symmetry furthermore |L9[ ^jj . 

Because both the A-model and the B-model are pseudo-topological theories, they are 
characterized by their two point functions and three point functions which play important 
roles as the constituent blocks in these models. The two point functions of the A-model are 
called the topological metrics and receive no quantum corrections JIJ. On the other hand, the 
three point functions of the A-model have non-perturbative quantum corrections and have 
information about the fusion structure of the observables (the classical cohomology structure 
and quantum corrections). Because various physical quantities are determined by this fusion 
structure of these operators, it is important to study the properties of the operator products 
(the commutativity, associativity, and the existence of the unit operator) or the factorization 
of the multi-point functions. 

In this article, we take a genus zero Riemann surface as a world sheet, (complex) d- 
dimensional Calabi-Yau target spaces and analyze the properties of the three point functions 
under the mirror symmetry in order to clarify the effects of the non-perturbative instanton 
corrections. 
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2 The Calabi-Yau d-folds 



We consider d-dimensional Calabi-Yau manifolds M in two cases; 

• Case I (one-parameter families) 

(1-1) M ; p = X d+2 + X d+2 + • • • + X d d H 

-(d+ 2)ij(X 1 X 2 ■ ■ -X d+2 ) = in CP d+1 , 
(1-2) M;p = X 1 2 + X 2 2 ^ + --- + X^ 

-2(d+l)iP(X 1 X 2 ---X d+2 ) =0 in P d+1 [d + 1, 1,1, ■■■,! ] (2(d+l)) , 

(c!+l) times 

(1-0) M; p = X| 1 +X^ + --- + X; d + + 2 2 

-Di\)[X x X 2 ■ ■ -X d+2 ) = m P d+ i[wi,w 2 , • • • ,w d+2 ](-D) , 

-D := » /»:=—, w d+2 := 1 , 

• Case II (two-parameter family) 

(II) M ; p = Xf +1 + Xt 1 + ■■■ + Xt 1 + X d 2 S +1) + X 2 d % +1) - 2<P(X d+1 X d+2 ) d+1 
-2(d + l)iP(X 1 X 2 ---X d+2 ) = in P d+ i[2,2,---,2,l,l](2(d+l)) . 

d times 

The parameters ip and <fi control the deformation of the complex structures. In case (1-0), 
the sets of integers l 2 , • ■ ■ , l d + 2 ) are given in some lower dimensional cases; 
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Because the case (1-0) contains cases (1-1) and (1-2), we analyze cases (1-0) and (II) in the 
following. Mirror partners W of these Fermat type Calabi-Yau d-folds M ((1-0), (II)) are 
given as orbifolds divided by some maximally invariant discrete groups G, 

W- { P = 0}/G . 

When one thinks about the Hodge structure of the G-invariant part of the cohomology group 
H d (W), Hodge numbers of W are written; 

(1-0) ; h dfi = h^ 1 = ■■■ = h 1 '^ 1 = h°' d = 1 , 

(II) ; h d <° = h^ d = 1 , h^ 1 ' 1 = h d ~ 2 > 2 = ■■■ = h 2 > d ~ 2 = h l > d - 1 = 2 . 



3 The One-Parameter Families 

Firstly we investigate the case (1-0). The deformation of the complex structure of W is 
controlled by the structure of the Hodge decomposition of H d (W) and the information of 
the decomposition is given by the period matrix P of W. The period matrix is defined by 
using homology d-cycles jj G Hd(W) and cohomology elements a, G T d ~ l = H '° © H ,:L © 
• • ■ © ff d -hi anc [ matrix elements Pjj (0 < i < d , < j < d) are expressed as, 

P%j ■= J Oli . 

Especially the ao = fl is a globally defined nowhere- vanishing holomorphic d-form of W and 



can be expressed for the Fermat type hypersurface p by [16|, [22|, |23 



7 P 

d+2 

dfi := ^(-l) a_1 w a X a dX 1 A dX 2 A • • • A dX a A • • • A dX d+2 , 

a=l 

where 7 is a small one-dimensional cycle winding around the hypersurface defined as a zero 
locus of p, 

z p '■= {(^i> x 2, ■ ■ ■ , X d+2 ) ; p = 0} . 
Also the Oj's are defined as, 

Oi := Qltt , Q z := z^- , 

dz 

z ■= wy D . 

Now we pick the elements of the period matrix P in the zero-th row, 

Pqj = n = Wj . 

J 7j 
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Using the explicit formula of the d-form fi, we obtain a differential equation satisfied by 
ZUj s, 



e«Vrf(e^ 



vja — , 7 := 



d+2 



where the product Il'^i 1 nieans that the variable I runs over integers ranging from one to 
(D — 1) which are not divisible by any Zj, 

D-l D-l 

n'== n 



2=1 



We solve this equation ([!]) in a series form, 

^ 1 / lo^ z \ 
P 0j = Wj (z) :=J2 



1=0 



Z! \ 2m 



^ ] bj -l,m ' % , 



m=0 



b„ 



1/1 9 \ n / V{D{m + p) + 1) 



n! \2iri dp 



d+2 

n 



r(w iP + 1) 



rpp + i) ^rwm + /i) + i) 



p=0 



and construct the period matrix P of W, 



p. 



73 



In this process, we do not construct homology d-cycles explicitly. In order to study properties 
of these homology d-cycles {70, 71, • • • , 7d}, we perform a monodromy transformation T about 
the point z = 0, 

T-z^ e 2 ™z . 
Then the period matrix P changes into a form, 



P -> P ■ A , A = exp(iV) , 

/ 1 \ 
1 



N :-- 



\ 



1 
1 

/ 



(N d+1 = 0) 



and we can read the action of the monodromy transformation T on the set of cycles (70 71 • • • 7d), 
which we use implicitly in defining the period matrix P, 



T (70 71 ■ • • Id) = (7o 7i • ■ ■ Jd) A 
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A peculiar property N d+1 = of the above monodromy matrix A = exp(iV) indicates the 
maximally unipotent monodromy condition of these homology cycles at the point z = 
and is consistent with the usual mirror conjecture. When one studies the variation of the 
complex structure of W , one deforms cohomology elements but fixes homology cycles. So 
we investigate the set of the cohomology classes (a , cci , • • • , a d ) = (fi , 6 2 fi , • • • , Q d fl). 
The cohomology group elements ai = <d l z £l are expressed as, 



fir. 




x (L>vr • (XiX 2 ■ ■ ■ x d+2 y 



When one deforms the complex structure of W, the set of cohomology classes is modified 
and the structure of the Hodge decomposition ® d =0 H d ~ p ' p (W) undergoes a change. In order 
to look into the variation of the complex structure of W , we change the period matrix P 
into an upper triangular one $ with unit diagonal elements by the sweeping-out method. 
In this operation, the set of homology d-cycles (70 71 • • • 7d) remains unchanged, but the 
cohomology basis (a a± ■ • • aid) turns into a new basis (a a± • ■ ■ ad), 




^)ef d 



(1 < 1 < d) 



m-2 



9z-~r9z-~r9?u 

rvi run 



m+l j 



1 < m < d- 1) , 



Using this new basis we can write down the resulting period matrix $, 



I 
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1 
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$3d-l 


$3rf 



$d-3d-2 
1 



$d-3(i-l 
$d-2d-l 
1 



o 



®d-3d 
®d-2d 
$d-ld 
1 



5 



To investigate the complex structure of W, we think about a differential equation of P, 



Q z P(z) = C z P(z) , 

( 1 

1 



C z := 



o m : = 



1 

1 

V CjV-l &N-2 0"JV-3 •■• °2 CTl / 

77 ' 77 



l — 72 



where the sum 



l<ni<rt2<---<n m <D— 1 

means that the variables {n^} run over integers which 



l<ni<n2<--<nm<D— 1 

are not divisible by any lj, 



E' = E • 

l<ni<n2<-<n m <D— 1 l<ni<n2<---<n m <D— 1 

By introducing a new variable t := a>i(;z), the above differential equation can be rewritten, 

■'7m 

/ ft O \ 

ACi 

ft 2 



^ d _ 2 



/ 



a (i) := — a , 

m--=^d*d t -.-d*d*d t (^-) , (l<l<d), 
K :=d t u 1 = l , (t = cji) 

11 11 

K m --=d t - dt— df-d t —d t —d t u m+1 , (l<m<d-l) . 

From this equation, we can read the action of the differential operator d t on the cohomology 
basis ai(t), 

dt&j-^t) = Kj-i(t) &j(t) , (1 < j < d) , 
d t a d {t) = , 

K j - 1 (t)=d t $ j - 1 , j , (l<j<d) . 
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When we define two point functions, 

(diiCXj) := / a.i A a, 
Jw 

they satisfy relations, 

(Oi&j) := d (7*7^ 
where the set {7^} is the dual of the homology d-cycles {7™,}, 

/ In = &m,n ■ 

We translate these relations in the above B(W)-model into the operator structures of the 
corresponding A(M)-model, 

OMpCj-i) = K^tyO® , (1 < j < d) , 
(9(1) (9(d) = , 



for A(M)-model operators E H l ' l (M) , (1 < % < d). The above operator product struc- 
ture of the A(M)-model observables is meaningful when one defines correlation functions in 
the following way, 

(pm {3-i) •••):=! V[X, X , p] {l) {j ~ l) ■ ■ ■ e~ LA , 
L A :=tj^X*(e) + Jj 2 z {Q ,V} , 
where Q is a BRST charge of the A(M)-model and V is given as, 

V^itgMdzXt + pidiX*) . 

Also the integral, 

J^X*(e) = (d z X l d,Xi - d- z X'd z X~ 3 ) dzAdz , 

is the pullback of the Kahler form e of M and equals to the degree of the maps X. (This 
operator is a 2-form version on the world sheet of the local observable ). When we view 
this A(M)-model as a deformed theory from some topological field theory, it is characteristic 
that we perturb the original topological theory by adding only operators associated with 
Kahler forms of M. As for the (topological) selection rule for the A(M)-model correlators, it 
depends on the degree of maps X generally because the virtual dimension (the ghost number 
anomaly) is given as, 



virdim = (dimM) ■ (1 - g) + J^X*a(M) , 
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where g is the genus of the Riemann surface and C\(M) is the first Chern class of M. However 
for specific cases c\ — (Calabi-Yau cases), the virtual dimension is independent of the degree 
of maps and then the selection rule does not depend on the degree of maps. Collecting these 
considerations, we can understand that the degree conservation of A(M)-model operators 
in each fusion coincides with a classical one for Calabi-Yau cases. (Especially a relation 
Q(^)Q(d) _ q (d:=dimM) is satisfied). On the other hand, when we expand fusion couplings 
{Kji} of operators and with respect to an indeterminate q := e 2mt , they contain all 
non-negative powers of q generally because the selection rule of observables is independent 
of the degree of maps. 

Next let us consider a moduli space of the Riemann surface (world sheet). The dimension 
of a moduli space M. g , 8 of a genus g Riemann surface with s punctures is given as, 



Because we consider three point couplings (s = 0) on the sphere (g — 0), the degree of the 
world sheet moduli comes 3 from the positions of the operator insertions and —3 from the 
5X(2,C)-invariance of the CP 1 respectively. Adding up these two contributions, we obtain 
the dimension of the moduli space A4o,3 of the Riemann surface, 



Judging from this counting of the dimension only, we cannot understand whether our systems 
(the Calabi-Yau matters) couple with the topological gravity or not. In fact in our cases the 
systems do not couple the gravity because we fix the positions of the operator insertions and 
do not move them. 

Using this translation, we obtain three point functions K,i(t) of the A(M)-model explicitly, 



where the function " S n " is the Schur function defined as the coefficients in the following 
expansion, 



dimM. 



3(g-l) + s . 



dimMo, 3 = 3-3 = . 
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We write down expressions of these couplings Hi in a series with respect to a parameter 
q:=e 2mt , t = Si(xi) = x u 



Hi = l + a iq + 0(q 2 ) , 



D\ 



ai 



d+2 

i=i 



X 



d n d + 2 w i 



Ad+i-i - IEj-EE^t 

1 1 i=lmi=l m » 



D — mi D — m 2 D — m,, 



l<mi<m2<---<m n <D—l 



mi 



m 2 



Then a d-point coupling of d operators O^'s can be calculated up to an overall normalization 
factor, 

0(1)0(1) . . . 0(D) = /^ 2 • • • K d -2Vi 4 -i 
-- 1 



d+2 d+2 

i=i i=i 

D £) d+2 it 



—a • — — x 



d+2 

n 

i=i 



^7 ^ ^ rn 

i=l 1 i=lm j =l" t » 



g + 0(g 2 



4 The Two- Parameter Family 

Secondly let us investigate the model (II). The G-invariant parts of the Hodge structure 
of the mirror manifolds W = Mj G are characterized by a set of homology d-cycles, 

{7o , 1? , li ] 7d-i , ld\ , Id} , 
and a set of cohomology elements of W , 

t n _,(!) _,(2) .,(1) A2) X 

{a ,a>i , ai-i , ■ ■ ■ , a d _i, a d _i, a d ) , 



Especially we take the following elements as this basis, 

• djJL 



j^d—i,i 



:— Q — f — (a holomorphic d form of W) , 
h P 



ai ' := e l x fl , (1 < I < d - 1 



a 
(i) ._ 

oiJ 2) : = e^e^Q , (i < i < d- 1) , 
a d :=(e d x -2.& d x - 1 e y )n , 



9 



x : = 



-2(f) 
[2(d+l)V] 



d+l 



, y ■-- 



(20) 



2 ' 



x ■ dx ' y • V dy • 



By using these elements, we can write a period matrix P of the mirror W in a block form, 
which contains (d + 1) x (d + 1) block matrices, (41x1 matrices, 2 • (d — 1) 1x2 matri- 
ces, 2 • (d — 1) 2x1 matrices, and (d — 1) • (d — 1) 2x2 matrices ). The (/,m)-th block 
matrix Pi m of P is defined as, 



Om 



P, 



dm • 



J 7o «o (m = 0) 

(L(d«o L(2)«o) (1 < m < d - 1) , 
J 7d «o (m = d) 

ro (m = 0) 

(^^ 2) ) (l<m<d-l) , 
[ ^ (m = d) 







(m = 


L(D«! 2) 1(2) "! 2) , 


) (1 " 






(m = 


QJwq \ 





































(i 


= 1,2,- 



(m = 0) 

= < I „~7_i'" ^ „"/_i'" ™ I (l<m<d-l) 

(m = d) 



J 70 «d (m = 0) 

f LtDttd Lmotd ) (1 < m < d - 1) 

\ fm fm / x 7 

/ 7d «d ("i = d) 

(e/ - 2e^- 1 e 3/ )u7 

( (0/ - 26/- 1 ?/ )to« (Q x d - 2Q x d - 1 Q y )w^ ) (1 < m < d - 1) 
[ (0/ - 20^ 1 ? > d (m = d) 



(m = 0) 



We obtain a set of differential equations satisfied by m$ (0 < m < d), 

V {1) zu m (x,y) = , V^ m (x,y) = , 
Z>(i) :=0/- 1 (0,-20 ?/ ) 
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id + i) d+1 x(Q x + -^—)(e x + (! 1 



d+ Y K d+r 
V {2) := Q y 2 - y(Q x - 2G y )(Q x - 2Q y - 1) . 

The 2d linear independent solutions are written down, 

zu := w (x,y; pi,p 2 ) 

1 



( - + t^t)( - + t^t) 



d+ V 



d + V 



P1=P2=0 



'■= ^ Vl pi^o(x,y; p 1 ,p 2 )\ pi=p2=Q , (Z = 1,2,- ••,<*-!) , 



w. 



(2) ._ 



(I _ ll3 p 2 ^o(a:, y ; Pi, P2) 



rod := i (2 + d • V d ~ x V p ^ w (x, y, Pl , P2 



where 



Pl=P2=0 

Li=P2=o ' 
r((d+l)(m + pi) + l) 



, (Z = l,2,...,d-1) 



m,n>0 F((d+l) Pl + l) 



X 



X 



r(m + 1 + pi) 
r(pi - 2p 2 + 1) 



r(n + 1 + p 2 ) 



(2) 
(3) 

(4) 
(5) 
(6) 

(7) 



_r(m-2n + pi-2p 2 + l)_ 

J_d_ 

Pl ' 2-ni dpi 

The property of the set of homology cycles is characterized by monodromy transformations 
around the points x = or y = 0. When we turn around the points x = or y = 0, 

2-7T? 27T7 

x — > e x 01 y e y , 
the period matrix P of W is transformed into a form, 

p ^ VP, T« J ' = 1 (;r = 0) 

n \* = 2 (t/ = 0) ' 

where the 2d x 2d matrices and T^ 2 ) are expressed as, 

f T« = exp(iyW) (around x = 0) 
i T( 2 ) = exp(iV( 2 )) (around y = 0) ' 



iV« : = 



1{ 
2{ 
2{ 



2{ 
2{ 
1{ 



/0 e f> 



/ 




O 



o 



I 





p (2) 



/ 



(8) 
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1{ I ef 



N (2) . z 



2{ 
2{ 

2{ 
2{ 



o 



o /' 
o /' 



V o 



o /' 

o 



e (2) 

o y 



(9) 



where the matrices in the blocks are given as, 

e<» = (10) , e« 
«?> = (0 1) , e 



(2) 
2 



2 
1 
1 



1 




A simple calculation shows several relations, 



V} d+1 = , {n^} 2 = , {N^Y - 2 ■ {N^Y' 1 ■ {N {2) } = , 



, 



and we obtain an evidence of the maximally unipotent monodromy (the nilpotent properties 
(jV* 1 ))^ 1 = 0, (M 2 )) 2 = show that maximally unipotent monodromy is realized at the 
point (x , y) = (0 , 0)) and the homology cycles seem to be chosen appropriately. Let us 
introduce mirror maps in the model (II), 



t(x, y) :-- 



, s{x, y) : = 



(2) 



(10) 



w w 
These maps behave under the transformations around x = or y = as, 

t(e 2 ^x,y) = t(x,y) + l , t(x, e 2 ^y) = t(x, y) , 
s(x,e 2nt y) = s(x,y) + 1 , s(e 2nl x, y) = s(x, y) . 

Because of these properties, one may regard these maps as the coordinates of the Kahler 
moduli space, which are defined modulo some integer shifts in the physical situations. Also 
the elements in the zero-th row of the period matrix $ are given by the following functions, 



uj, 



(i) 



w 



(1) 



— = Si(xi , x 2 , 



zu 



• ■ • , Xl) 
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m=0 



ml 



, (Z = l,2,...,d-1) , 



, , (2) - 



G7. 



(2) 



G7 



s ■ Sj_i(£i + yi , ^ 2 + y2 , • • • , ^-1 + j/i-i) 



f"- 1 • s 

m=l V"" m=2 



m-l)\ ^ 2 (m-2)! 



+ X^- 



u d = 



w 

%m ■ 
Vrn ■ = 
Vm ■ = 



2 • S d {x 1 , x 2 , ■ ■ ■ , x d ) + s ■ Sa-^xi + yi , x 2 + y 2 , 
±V™logw {x,y; p u p 2 ) 

P1=P2=0 

^£>™log [D p2 w (x, y ; p u p 2 )\ 



x d -i + Vd-i) , 



-^V™V P2 logw {x,y; p u p 2 ) 



ml pi P2 
1 

nl 



Pl=P2=0 



Pl=P2=0 



' x m n Um n 



+1 ' 



«>1{M} «>0{tt2}' 

{# 1} := {mi > 2 , m 2 > 2 , • • • , m n > 2 , mi + m 2 H h m„ = fc} , 

{(1 2} := {mi > 2 , m 2 > 2 , • • • , m n > 2 , m n+ i > 1 , mi + m 2 H h m„ + m„ + i = A; + 1} 

Next multiplying some block lower triangular matrix to the period matrix P from the left, 
we obtain a block upper triangular period matrix $ which has unit matrices in its block 
diagonal parts, 



1 Uj'i 
I 



(•) . ,(•) 

u 2 



M. 



(i) 



f(i) 



M 3 
7 



(2) 



a) 

(2) 
1 

(3) 



m 

r(2) 



M, 



d-2 



M, 



(3) 



d-2 



MS 



\ 



?/, 



?! 



(1) 
(2) 
(3) 



7- „(d-l) 



The components in the first row are defined by using the cui^\ 



(2) 



The blocks m/"^ can be written as, 



) , (Z = l,2,...,d-1) . 



l—m—l 



l—m—n—1 



n=0 



(/>m;m = 1,2, ■ ■■ ,d-2; 2 <l < d - 1) , 
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U n :-- 
U :~- 



n! (n-1)! 

o S 

1 



where the matrices are defined iteratively, 

:= 



A 



«n+l + dta n+ 2 C n -i + d t c 

d s Cln+2 O'n+l + 9 s C n 

y d s a 2 d s c J ' 
4 m+1 ) := (J + d t At ] )~ l • (4 m) + 9 t A 

Also the matrices can be written as, 

(1) _ ( d t u d \ 



(n = l,2,...) 



(to) \ 



fm > 1' 



it' 



d s uj d 



u 



(0 



•W'" 1 ) , (/ = 2,3,-..,rf-l) . 



Let us investigate differential equations for the resulting period Note that the differential 
equations of the original period P, 



(e- - a x ) p = o 
(e tf - a 2 ) p = o 



'ii^ 



where both matrices A\, A 2 have non- vanishing elements only at the lower triangular blocks, 
the diagonal blocks and the first upper triangular blocks from the diagonal blocks, 



.4; 



* * * 

* * * * 

* * * ■ ■ • 

* * * ■ ■ • 

* * * ■ ■ • 



o \ 



* * * 

* * * 



(12) 



This can be easily understood from the forms of the original differential equations. When we 
carry out the sweeping-out method on the equations ([LTD, the period matrix P is changed 
into the $ by multiplying some lower triangular matrix g, 



$ = gP 
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* 

* * * 

* * * 

* * * 

* * * 



* 



(13) 



Then equations ( PD are rewritten as, 



Qi - (gAg 1 -g&ig 1 



$ = 



(14) 



That is to say, the matrices Ai are transformed as components of some gauge connection A, 

A := A x d log x + A 2 d logy , 

and the transformation by g can be regarded as a sort of gauge transformation. From the 
forms of Ai and g (|T^,|TiJ), we find that the form of Af := g Ai g^ 1 — g 0, g^ 1 have the similar 
form as the 



A 9 ;'.'- 



* * * 

* * * 

* * * 

* * * 

* * * 



o\ 



* * * 

* * * 



(15) 



/ 



On the other hand, the resulting period matrix $ has the upper triangular form and the 
matrix Gj$ is also some upper triangular matrix, 



( * * * 
* * 
* 



9,;$ 



O 



o * * 
o * 

0/ 



Comparing the both hand sides of the equations, 



0,$ = AS® 
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we find that the Af must have the following form, 



/ * 

* 
* 



A 9 ; 



0\ 



o * 
o * 

o J 



(16) 



Lastly we change the variables (x,y) into the variables (t, s) defined in (|H]), we obtain the 
results, 



d t .$ = ^$ , (i = l,2;t i: =t,t 2 :=a) 

Ki = d ti F , 

/ w x W 



M 



(i) 



Mi 2) 



Milf) 



u^*" 1 ) 



That is to say, three point couplings K,[ defined by fusions 



of > ■ of = («f)*o 

are obtained, 

Because (/, Z + l)-th block can be represented as, 



k 



r(0 _ M Si .(0 



Ml+1 " v o t j 

we get three point functions in the matrix forms 



+ A%> , (i = l,2,-..,d-2) 



•(0 ._ a iCr(0 _ / 1 1 , « 4(0 



«w := 



o i J + W > 



1 




(17) 
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These couplings are represented graphically, 



(i) 



(i) 



m 



op 

m 



-m 0(J+i) 



(0 



0(0 • 



where the symbols O^ 1 stand for the injection of some charge (1, 1) operators associated 
with the Kahler forms J t , J s coupled with t, s respectively. In the above figure, charge (/, I) 
operators and the charge (1,1) operators OfJ are injected and fuse together. Then 
some resulting operators 0^ l+r) with charge (1 + 1,1 + 1) are constructed. In this case, there 
are just two operators with each definite charge (1,1) (I = 1,2, ••-,d — 1). Thus we can 
represent the couplings which have one of the fixed charge (1, 1) operators as 2 by 

2 matrices (K,^), (I — 1, 2, • • • , d — 1). After straightforward calculations, we obtain 

series expansions of these couplings explicitly, 




(d+1) 



+ E 

l<mi<m2<-<mi<ii 



d + 1 — mi d + 1 — m 2 



d 



m; 



mi 



a* := (d+1)! -2 



i+ E 

Kmi<m2<-<m[<ii 

(Z = l,2,-..,d 
<7i := exp(27ri t) , g 2 := exp(27ri s) . 



m 2 

d + 1 — mi d 



m^ 
m 2 



mi 
1) , 



m 2 



d + 1 — mi 
m t 



The coefficients in the series expansions of these three point functions, 



OfHo)©?" 1 ^!) Of>(co 
0[e^](O)0[ea](l)0[ea](oo) 
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correspond to the number of holomorphic maps X 1 with the conditions, 

X(0) e RD.(e[ a) ) , 



X(l)GP.D.(eS 



X(oo) G P.Z>.(e&) , 

where the maps cohomology elements e m of M to some A(M)-model operators C (m) . The 



previous matrix F (p~7|) can be thought of as a sort of a generating function of the three 
point functions tvi. This result is quite fascinating. All we have done seem to be a sort of 
the Miura transformation in two-parameter case. From that viewpoint, the resulting period 
matrix $ is the positive root part of the matrix P in the usual Gauss decomposition, and 
the three point couplings are associated to the Cartan parts of the Gauss decomposition. 
We make a remark. For the Calabi-Yau three-folds, the three point functions have charge 
one fields only, and they are symmetric with respect to these three indices. For that reason, 
one can integrate this function F more twice only for the three-folds. 

Next let us consider integrable conditions. Note that we have all explicit forms of solutions 
of the equations and know all components of the period matrix exactly in series formula. 
Obviously integrable conditions should exist, 

d u -Ki,d tj -K 3 ] = . (18) 

From this relation (|18D and the equation tvi = <9jF, we have some sort of associativities 
among these couplings, 

[Ki , Kj] = . (19) 

They can be rewritten in components of the matrices ft, (i — 1, 2) as, 

K (l) K (l+V K (l) K (l+i) _ n 

This relation tells us that any correlation functions are independent of the positions of the 
insertion of the charge one operators Oj and this property is reasonable from the physical 
point of view. Now we consider d-point functions of charge (1, 1) operators 0\ 1 , 

K t t , t 



^(1)^(2)^(3) _ _ _ K (dr-$) K {d-2) (d-1 



,1 
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0(1) 0(1) 0(1) 0(1) 0(1) 0(1) 

L tn no L 2^V_Q ^ , ~ ' 







(1) 



o 



(1) 



where the symbol {t^} takes t or s. Also the symbol Tj is the two-point function (topological 
metric), 



^(d-1) ._ ^0( rf -l)0(l)J) = * 



2 1 




Because of the relation (|I8|), the above d-point functions are independent of the positions of 
the inserted external fields and we may write the d-point couplings having n O^'s and 
(d-n) Oi lh s as K d _ n:n in an abbreviated form. Then these couplings are represented in a 
matrix form, 

^.(1)^.(2) _ _ _ i^(d-l-t) p-{d-l) . . . ^.(d-3)^-(d-2)^(d-l) 

d-2-l 



O t O t O t O t O t o? r o s O s O s O 



( K d _ij K d _i_ lt i +1 \ 

\ Kd-l-l,l+l K d _i_2,l+2 J 

We find these d-point couplings, 
K dfi = 2{d+l) 

/d+l j , -i \ 

+2(d + 1) • {2 • (d + - (d + 2) • (d + 1)! - d ■ (d + 1)! £ — U + 0(g 2 

\m=2 m / 

^d-i,! = (d + l) 

/d+l J, -1 \ 

+(d + 1) • {(d + - 2 ■ (d + 1)! - (d - 1) ■ (d + 1)! £ — k + W) , 

\m=2 m / 

= + 0(g 2 ) , 
K d ^ 3 = (d + l)q 2 + 0(q 2 ) , 
i^-„,„ = + O(g 2 ) , (n>4) . 
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In this article, we treated the one-parameter models and the two-parameter model con- 
cretely, but the method developed in this article is not restricted to these cases only. 



5 Conclusion 

In this article, we have investigated some properties of the higher dimensional Calabi-Yau 
manifolds subject to the assumption of the existence of the mirror symmetries. We extend 
the method of calculating the three point functions for the one-parameter families of <i-folds 
and a two-parameter family of <i-fold for Calabi-Yau cases. The recipe developed here can be 
applied to more general cases (for instance the complete intersection Calabi-Yau <i-folds in 
the toric cases). Explicit forms of the homology cycles are not available, but the monodromy 
properties of the period matrix illustrate the correctness of our Ansatz. We used the mirror 
conjecture and our results should be verified by the mathematical methods in enumerative 
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For the general Kahler manifolds M, the virtual dimension of the A(M)-model has a 
term depending on the first Chern class and the degree of maps. Because of the existence 
of this term, the degree of the observables are defined modulo C\(M). (There exists each 
topological selection rule when one fixes the degree of maps). Also from the point of view 
of the deformation of the topological field theories, we perturb the topological theories by 
adding only operators associated with the Kahler forms of M in our cases. In these situations, 
the charge conservation in each fusion of operators can be discussed almost classically. Only 
difference between the A(M)-model with ci(M)= and the one with ci(M)^0 is that the 
former has nilpotent structures of operators O^'O^ = but the latter does not have these 
properties. Also the fusion couplings of operators in the former cases have contributions 
from all degrees of maps because the virtual dimension is independent of the degree of 
maps. That is to say, the three-point couplings in the Calabi-Yau cases are infinite series 
with respect to indeterminates qi := e 2mtl (I = 1,2, • ■ ■ , dim if 1 ' 1 (M)) associated with a set 
of Kahler coordinates {£/}. 
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